Abstruct-In the present treatment of performance characteristics of laser systems, having homogeneous line broadening, a radial gain profile is taken into account. It will be shown that such a profile, which may be induced by the laser beam itself, changes the curvature of the phase front, so that additional radiation transport in the radial direction takes place. It turns out that for many practical systems the radial radiation transport can be comparable to the radiation gained directly from the medium and therefore may not be neglected. Furthermore, it will be s h o w how the additional radial radiation transport affects the oscillating frequency. Conditions are deduced in which mode competition leads to the survival of the mode having highest radiation intensity. This is not the one closest to the line center as found in systems where radial radiation transport is not taken into account. Treating this problem we approximate medium parameters by a quadratic profile so that the modes have a Gaussian structure. The oscillation frequency, determined on one side by the dispersion of the active medium and on the other side by the spontaneous decay of the upper level, is discussed. The frequency shift is not very sensitive to changes of mirror reflectivity but increases considerably with increasing thermal effects. Numerical calculations show, for instance, that for a semiconfocal system a frequency shift close to 0.5 in units of normalized frequency can be predicted.
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I. INTRODUCTION

C
OMPETITION phenomena
between oscillating modes of laser systems are well known. Experimental and theoretical studies have been made for systems having either inhomogeneous or homogeneous line broadening [1]- [3] .Itisfoundthataslongasthemodeshavesufficientinteraction with each other through the active medium, an initial excitation of all modes above threshoid may finally lead to the survival of only the most strongly excited one at theexpense of the other modes. The surviving one has the larger gain-over-loss ratio. In general this is, depending on the resonance conditions,. a mode with frequency as close as possible to a line center.
Considering the mutual interaction ' of oscillating modes, the local change of radiation was only described by the local interaction' of the? field and the medium. If, however, the propagation properties of the interacting wave are also taken into account, the local field strength may also be changed by convergence or divergence of the wavefront. In some laser systems, where the field distribution is such that the two running waves have opposite curvatures at any place, the contributions of the two running waves to the local intensity, as will be shown in the present analysis, just cancel. This means that for such systems mode competition can be described by taking into account the interaction of radiation and matter only. For systems where a gain .profile influences the field distribution, which is practically always the case, the two running waves do not have opposite curvatures. This means that apart from the interaction with the medium, the intensity can also be changed by a curvature effect of the two wavefronts.
The effect of the propagation properties on the local field changes can be considerable and for many laser systems this may not be neglected in the calculations of intensity characteristics and competition phenomena.
In this paper we shall treat this curvature effect for Gaussian beams and a homogeneously broadened medium as present, for instance, in efficient molecular systems (CO and CO, lasers). From experiments it is well known that the gain and, more important, the saturation parameter for a Gaussian beam propagating through'a homogeneously broadened medium can be measured These observations support the assumption that the medium parameters can be approximated with a quadratic profile for which it has been shown that a Gaussian beam remains Gaussian while propagating through it. Although in practice no profile is quadratic, it should be noted that for media having axial symmetry a serial expansion of propagation constants in terms of radial distance from the axis shows that the main term near the axis (where the field is strongest) is quadratic. We shall derive these main terms for the gain and dispersion profile and in this way indicate how the predictions can be applied to actual systems. The curvature effect also has a large effect on the competition phenomena between oscillating modes. It will be shown that the surviving mode is not necessarily the one having the largest gain-over-loss ratio. The most favorable mode to oscillate will have an increasing frequency shift from the line center with increasing pump power and/or decreasing outcoupling. The explanation of this frequency shift is based on the,presence of a radial gain profile. Due to dispersion the gain profile is accompanied with an index profile, which in turn has an effect on the curvature of the wavefront. The radiation increase by this curvature effect increases with the frequency shift.
It will be shown that in general this frequency shift is further increased if an index profile, for instance, caused by thermal effects of a gas discharge, is present. We wish to emphasize that in the present analysis some approximations are introduced, i.e., medium parameters are described by a quadratic profile, the medium is homogeneously broadened in which hole burning and coherence effects are neglected, and the sum of the intensities of the running waves is approximated as constant. These approximations are only made for mathematical reasons and for the clarity of presentation. They have no bearing at all on the physical effect of the curvature of the wavefront.
following two differential equations:
When k , << kn, as is the case for visible and infrared light, (5) can be approximated as ( 8) 
THE DIFFERENTIAL EQUATION FOR A GAUSSIAN MODE IN A LENSLIKE ACTIVE MEDIUM
Kogelnik [7] has derived that a medium with a quadratic radial profile for the complex propagation constant can support Gaussian beams. For such beams he has shown that the beamwidth or spot size w , which measures the distance at which the field amplitude is l l e times that on the axis, and the radius of curvature are closely related and can conveniently be combined to a complex-valued beam parameter q, defined by with Written in dimensionless form, (6) and (7) become where when z is the direction of propagation and X and R are the wavelength and the radius of curvature of the beam in the medium. R ( z ) is defined positive for a diverging beam traveling in the positive z direction.
In [6] , where the field distributions of Gaussian modes in a lenslike medium were calculated, we conveniently used the dimensionless parameters P(z), U(z), and Q(z), defined by = --.
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When k , and k , are independent of z , (7a) is equivalent to the A B C D law for Gaussian. beams [7] . In a previous publication [6] we calculated the influence of the radial index and gain parameters p and a on the beam parameters Q and U by applying the A B C D law to a complete round trip through a laser resonator consisting of two mirrors with radii of curvature R , and R2, respectively. In the present paper we shall be concerned with (6a) and we shall show how, for homogeneous broadening, competition between different Gaussian modes can force the laser to operate at a frequency different from the central frequency of the line. We shall assume again that k , and k , are not zdependent. By differentiation of (3) for r = 0 with respect to { it follows: in which L is the length of the tube.
can write for the electric field strength in the laser:
To determine the parameters of the Gaussian beam one
in which the time-dependent part has been dropped, and where T is a complex phase parameter, q is the complex beam parameter defined in (I), Q' = k,(z) is the complex propagation constant at the axis of the tube, and the prime indicates differentiation with respect to z .
Substitution of (3) into the scalar wave equation
with Substitution of (6a) into (14) gives: ( 5 ) gives, after comparison of terms of equal powers of r, the The wave propagation from the flat mirror is plotted for . t > 0 and the other one for { < 0. The values of the parameters a and 0 are indicated.
Using (2) and (9) we get: and with quadratic profile and we shall make use of the formalism derived in the preceeding section. The principal advantage of this formalism is that the interaction of radiation and medium need be considered only on the optical axis.
As a homogeneously broadened medium one can, for instance, consider molecular laser systems having a large life time of upper laser levels, small natural linewidth, but very fast cross relaxation among the available levels. Excited levels of different rotational and Doppler shifted frequency are collisionally coupled to the states interacting with the field. The strong influence of cross relaxation on the gain saturation allows efficient molecular systems with a Doppler profile to be treated as homogeneously broadened [8] . The intensity gain factors of the two modes are then In the next section we further evaluate the gain factor a, in terms of interaction of radiation intensity and active medium. For that purpose it is convenient to write (16) in terms of intensity I at the optical axis instead of field strength. We then obtain:
where aoL is the amplitude gain for one passage through the medium of length L.
It is seen from (17) that the intensity of a propagating Gaussian beam is locally changed not only due to the local inversion density but also by convergence or divergence, respectively, of the wavefront. The latter contribution is described by the second term on the right-hand side of (17). 
THE RATE EQUATIONS FOR TWO GAUSSIAN BEAMS
where g, and g, are the values of the line-shape function at the frequencies of the two fields with radiation intensities I , and I,, respectively. These intensities are the sum of the intensities of waves running to the right and to the left. Go and I,, are the small-signal gain for one passage through the medium and the saturation parameter, respectively, both at the central frequency. For homogeneously broadened media the saturation parameter is inversely proportional to the line-shape function, consistent with the requirement that the maximum available output is independent of frequency. Hence in (18) and (19) we substituted for the saturation parameters Io/gl and Io/g,.
Considering the first mode, the radiation density can be obtained by substituting (1 8) into (17) and integrating this equation. The integrated part coming from aol depends, as can be seen from (18), on the line-shape function. If the curvature effect in (17) was neglected, the integration would yield the well-known result of the radiation density maximum at the central frequency. Using this result for a resonator system having one perfect reflecting mirror and one outcoupling mirror, it is found that, as long as the reflectivity of the transmitting mirror is not too low, the sum of the intensities of the running parts of a mode is more or less constant 191.
For our problem we shall introduce the approximation that the sum of the intensities of the two running parts is constant. This assumption is valid if the cross section varies little and the outcoupling is low. Anyhow, this approximation has no effect on the mechanism of radial radiation transport. In this section we shall derive the rate equations for the We now integrate (17) for the first mode over a round radiation fields of two Gaussian modes interacting with a trip through the active medium. If the intensity just after homogeneously broadened medium. In the evaluation of reflection of the outcoupling mirror is I,' and its value the relevant physical processes we still assume a medium after a round trip is I," we find:
where U,+ is equal to L / R , for the running wave to the right and similarly U,-applies to the left running wave. It is seen from (20) that not the curvature of the wavefront itself counts, but the sum of the curvatures of the two running waves. In systems having no radial gain variation this curvature effect vanishes. The radiation intensity coupled out per unit area and unit time is equal to
-R
where R is the reflectivity. The radiation gained per unit area and unit time is equal to
where it is assumed that the fractional change of I , (the sum of two running waves) is very small during the time of a round trip through the resonator or
where c is the velocity of light. The rate equation describing the radiation density is given by the difference between outcoupled radiation and radiation gained by the medium. We find Similarly, the rate equation describing the intensity I, of the second mode will be given by
Iv. TIME HISTORY OF GAUSSIAN MODES
The problem is now to solve (21) and (22) in order to find the solutions for I , and I,. Looking for an analytic time-dependent solution seems to be a difficult problem. However, since we are interested in the asymptotic values, it proves advantageous to study the values I , and I , graphically. We try to find the stationary solutions for I , and I , by following their temporal behavior in an (Z, -I,) plane. Through any point in the (Z,-I,) plane there is a trajectory that indicates the path followed by the respective points (I,, I,) on their way to a stable state, with the time t as parameter. See Fig. 2 . The characteristics L , and L, of (21) and (22) are two families of curves in the (Z,-I,) plane, depending parametrically on Go, because G, is in general a function of time, and obeying the equations
where a,, and ao2, given by (1 8) and (19), respectively, are time-dependent. Since g,, g,, and I , are time-independent and the integrals are functions of G,(t), I ] , and I,, it is seen that all characteristics L , and L, can never cross each other.
If we divide (2 1) by (22) it is seen that any trajectory has a vertical tangent where it crosses L , and a horizontal tangent where it crosses L,. Furthermore, if a point (I,, I,) is located "below" or "above" the characteristic L,, the corresponding trajectory indicates that as t increases, I , increases or decreases, respectively. Similarly, if this point is located below or above L,, I , will increase or decrease, respectively. These observations make it possible to derive the asymptotic values of I , and I , graphically.
Let us assume that the characteristic L , lies above L,, as indicated in Fig. 2 , for instance because the integral over U in (23) is smaller than in (24) or because g, is larger than g,. We follow a trajectory that starts at A , located above L , and L,. Since A , lies above L , and L,, the values of both I , and I, decrease. Subsequently, if the trajectory does not cross any of the characteristics, the integration reveals that both I , and I, become equal to zero. Let us now suppose that the trajectory crosses one of the characteristics. A nonzero stable value of I , will be found.
What happens if the trajectory has crossed, for instance, L1 at the point S , and time to ? We are especially interested in how the characteristic L , moves as the trajectory goes through S,. At this point the derivative dI,/dI, is infinite and the tangent to the trajectory is vertical. Suppose that at this point the characteristic moves with the trajectory, because they are both time-dependent, but so that the following points (I,, I,) are still on the characteristics. The
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EFFECT OF RADIAL RADIATION TRANSPORT trajectory remains parallel to the I, axis and the final value of I , will then be given by the intersection of this line and the I , axis. This value of I , will in general not satisfy (21) and (22) as a steady-state solution. In other words, the characteristic will, in general, not move with the trajectory so that the point (I,, I,) at the same time t after to will be located somewhere between L , and L,. Between these two characteristics I, still decreases whereas I, increases. This means that the trajectory will never cross L , again, because at such an intersection the tangent to the trajectory becomes vertical implying that I , increases, which is prohibited by (22). Further, as the trajectory proceeds it will also never cross a characteristic Lz, because in crossing such a characteristic the tangent of the trajectory would have to become horizontal, implying that I, decreases, which is impossible. Since the characteristics L , and L, will never cross each other the trajectory will finally reach the point P on the axis. At this stable point the values of the intensities are given by
Let us consider next the trajectory starting from A,, located below L , and L,, as indicated in Fig. 2 . Initially, I , and I , will both increase until one of the characteristics, in this case L,, is crossed at S,. Analogous to what has been mentioned above the trajectory of unstable points passing through S , will never again cross any of the characteristics L , and L, on its way to a stable value. Because L , and L, never cross each other the trajectory must finally also reach point P of the I, axis and the values of the two intensities are given again by (25) and (26). Now let us assume that the characteristics L, lie above L , as indicated in Fig. 3 . We find similarly that stafting from the points A , and A , the stable point Q on the I, axis will be reached. For that case the values of I are given by
The numerical evaluation of the integrals given in (26) and (28) leads only to nonzero values if we are dealing with a medium having gain variations. In [5] we have shown that the radius of curvature of the wavefront at the mirror is only equal to that of the. mirror if gain variations are absent. It can also be shown that for a medium with no gain variations at any place between the mirrors the value of the radius of curvature of the wavefront of a running wave to the left is equal to minus the value of the wave running to the right; i.e., the two wavefronts coincide. Consequently, the integral becomes zero and we conclude from (26) and (28) that the mode with the larger line-shape value g will survive at the expense of the other one. In other words, if we have a symmetrical line shape, monotonically decreasing from the center, the mode with frequency closest to the central frequency will oscillate. However, in the case of gain variations the two wavefronts do not coincide and it turns out that the integral of (26) and (28) is nonzero. Its value depends on mirror configuration, a and 8. In that case, the surviving mode will not necessarily be the one with frequency closest to the line center. This will be further analyzed in Section VI. In order to have an idea about the values of the integrals in (26) and (28) we have plotted their numerical values as a function of 6 with a as a parameter. It is done in Fig. 4 for a semiconfocal system. An analytic expression of the integral is given in the Appendix.
The present theory of competition between two Gaussian modes in a medium with homogeneous line broadening can be easily extended to the case of competition between more than two Gaussian modes. In the case of n modes we have to follow trajectories in n-dimensional space and the characteristics are (n -1)-dimensional "planes." The analysis is similar to what has been described. In the steady state only one mode oscillates for which the final intensity is maximum.
v. DESCRIPTION OF GAIN PROFILE
As we mentioned, the presence of a gain profile is essential for finding a nonzero value for a round-trip integral of the curvature of the wavefront. In this section, we shall discuss gain variations in laser systems and we shall look for the main quadratic term near the axis where the beam intensity is highest. In the present treatment, dealing with homogeneous line broadening, the amplitude gain at a distance r from the axis is simply given by
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where G, is the small signal intensity gain for one passage, I , is the intensity of the beam, and I,, is the saturation parameter. For systems having axial symmetry we use a serial expansion in terms of the distance to the axis. Thus
Next we substitute into (29) the following expressions for G,, I,., and I,,:
Comparing the result with (30) we find For homogeneous line broadening I,G does not depend on frequency. This is a direct consequence of the fact that the maximum obtainable output in the case of homogeneous line broadening does not depend on the oscillating frequency. Thus we have G = Go-g and I, = Io/g.
For the further numerical evaluation we assume that the line shape can be assumed as mainly Doppler broadened, which is reasonable for molecular systems with pressures up to about 5 torr. We get where Go and I , are, respectively, the small-signal gain and saturation parameter at the central frequency, and 5 is a normalized frequency, with y o the central frequency and
AvD the Doppler linewidth. Using the dimensionless form for the gain variation we obtain It is seen that CY decreases with increasing intensity, except just above threshold.
VI. THE EFFECT OF THE DISPERSIVE BEHAVIOR OF THE ACTIVE MEDIUM ON MODE SELECTION
In Section IV we have seen that the oscillating mode will be the one that reaches the highest intensity in the medium. In order to find this mode we have to look for the frequency for which the right-hand side of (26) is maximum. We assume at this point that there are very many resonance frequencies for axial modes with very small frequency spacing.
Evaluating the integral over the curvature we have to insert the line-shape function g. As discussed in the previous section we choose a Doppler profile.
From the Kramers-Kronig relations the variation An in the refractive index at a frequency v in the vicinity of vo is given by where 2a0' is the gain factor at frequency V I defined'in such a way that the intensity of a plane wave traversing the medium increases with distance z as exp (2a0'z). Using for the dispersion the dimensionless form defined by we find
It is seen that the quadratic profile due to dispersion disappears for oscillation at the central frequency. Apart from the dispersion of the medium we also have to account for possible thermal effects to the index profile [6] . So we get function of frequency. Substituting the integral value into (26) the intensity Z/Zo as a function of frequency can be obtained. The results are plotted in Fig. 5 for the semiconfocal system. For the gain variation we have assumed that the main contribution comes from the intensity profile. Therefore, we have substituted y = E = 0 and for Q the value at the flat mirror having a reflectivity of 50 percent.
The intensities are given for different values of Go and &.
It is seen that the frequency for which maximum intensity is obtained increases with the small-signal gain Go, but also with increasing thermal effects. These maxima are the intersections with the broken lines indicated with the parameter Pt.
VII. DISCUSSION
We have seen that for long active media or high-power systems the curvature effect leads to a more complicated model of physical processes for finding laser characteristics than in the case of neglecting this effect. The numerical calculations have shown that the curvature of the phase front causes considerable radiation transport in the radial direction. This has far-reaching consequences for the gain and output characteristics. The new results deviate considerably from what has been predicted previously [lo] .
In the case of high-power systems where
seen from (34) that a is roughly the saturated gain times Q.
Normally, the Q-value in a laser system varies between 0.5 and 1, so that a can be estimated by knowing the saturated gain for passing once through the system. In general, one finds that the fractional increase of radiation at the axis of the system due to the radial transport is more or less comparable to the saturated gain. This is demonstrated in Fig.  5 , where for reasons of comparison the density ratio Z/Zo is also calculated for the case that the curvature effect was not included. It is done for Go = 2.5 and 4.5. In comparison it is seen that the inclusion of the curvature effect leads to an intensity change of more than a factor of 2. The corresponding output density is then increased by the same ratio. Apart from the curvature effect, the gain variations and the thermal refractive index also change the beamwidth. In most practical situations there is an increase in beamwidth. This means that the output power of a single lowest order mode is considerably higher than what is predicted by a theory neglecting gain and index variations. Further, this radial radiation transport must also have a large effect on saturation parameter measurements [4] . This is an important reason why in experiments with narrow Gaussian beam (large gain variation) a larger saturation parameter is found if curvature effects are omitted than in experiments with a wider beam. Also in [ 1 11, where the normalized output is calculated for the simplest case of a plane-parallel resonator with a quadratic gain profile, the result would be very different if the curvature effect was included.
In the case of positive gain profile, i.e., increasing with the distance from the axis, the radial radiation transport ificreases with increasing frequency due to dispersion effects. If losses by spontaneous decay of the upper laser level were not taken into account, the oscillation frequency and also the inversion density would increase unlimitedly. The mechanism that restricts the frequency shift comes from the spontaneous emission competing with stimulating emission. One might expect that increasing reflectivity would decrease the frequency shift, because a and thus the curvature effect decreases with increasing I. However, the spontaneous loss also decreases withI. It turns out that the frequency shift increases slowly with R and tends to afinitevalue forR going to 1. Thesurprising result is found that the more the medium is saturated, the more the frequency shifts from the line center.
It should be noted that the large influence of gain on dispersion is the main reason for such considerable frequency shift. We have seen that the dispersion is larger by a factor exp (t2) than what is usually given for an inverted medium.
The physical reason for this enlarged dispersion effect has to do with an increasing inversion density with increasing frequency shift from the line center. The inversion must increase because in the steady state of a laser system the total radiation gain and losses are balanced.
In the previous section, we looked for the frequency of maximum intensity. In practice, this frequency does not necessarily coincide with one of the resonance frequencies of the cavity. Therefore, we predict that theoscillation frequency will be a resonance frequency close to the frequency for which the maximum intensity was calculated.
APPENDIX
The integration of the curvature of the phase front over one loop through the laser medium can be obtained as follows. From [5, eq. (lo)] we find the complex beam parameter PF at the flat mirror by substituting U , = 0:
The sign choice depends on the condition that the imaginary part of PF has to be negative, so that Q is positive.
Applying the matrix multiplication law we find the beam parameter at z along the tube. Using [ = z / L we obtain: -7 sin v{ + P F cos q{ P({) = ---____ ~_ _ . The sum of the beam parameters of the two running waves reduces to a simple expression:
The integral (int) of the curvature of the phase front over one loop is the real part of the integral of (A2). Thus
The evaluation of the integral is straightforward; we find int = f-R e log cos 277 --sin 277 u .
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It should be remembered that 7 is a complex function of (Y and p given by (1 1).
